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Modeling thin films applying an extended continuum
theory based on a scalar-valued order parameter.
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Abstract

In the current work we develop a thermo-mechanically consistent model describing the behavior of thin polymeric

films. In industrial applications of such thin films, e.g. in bonding metal sheets in automotive industry, boundary layers

and, as a further result, scale effects depending on the thickness of the film are observed (see e.g. [Toney et al., 1995;

Frank et al., 1996; J. Polym. Sci., Part B: Polym. Phys. 40 (2001) 2343–2353]). In contrast to the well-analyzed size

effects in many other micro-structured materials, e.g. granular materials, porous materials or foams (see e.g. [Int. J.

Mech. Sci. 43 (2001) 701–713] or [Proc. R. Soc. London A 458 (2002) 2869–2883]), the macroscopic behavior of the

former material differs completely from an experimental point of view. In the analyzed polymeric films a weaker zone at

the boundary of the film is observed in comparison with the stiffer material behavior of the bulk material. To capture

these and more general types of boundary layer effects, we develop an extended continuum model based on a scalar-

valued order parameter following the line of [Continua with Microstructures. Vol. 35 of Springer Tracts in Natural

Philosophy. Springer, New York, 1980; Meccanica 17 (1982) 80–84; Ann. Mater. Pura Appl. 135 (1983) 1–25; Con-

tinuum Mech. Thermodyn. 4 (1999) 247–262].

� 2004 Elsevier Ltd. All rights reserved.
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Keywords: Extended continua; Thin films; Order parameter; Boundary layer
1. Introduction

The development of (macroscopic) continuum mechanical models for materials with microstructure

traces back to the outstanding monograph on micropolar elasticity of the Cosserat brothers Eug�ene and

Franc�ois at the beginning of the last century, (see Cosserat and Cosserat, 1909). As this work was forgotten
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for more than 40 years kinematically extended continuum models had a great revival in the mid fifties of the

last century, (see e.g. the works of G€unther, 1958; Mindlin and Tiersten, 1962; Eringen and Suhubi, 1964)

and many others. 1 From a general point of view, all these theories are based on extended kinematic fields

by introducing a priori additional degrees of freedom with independent motion functions for the material
points of the microstructure. The additional motion functions are called micromotion in order to distin-

guish them from the classical motion function. As standard in rational continuum-thermodynamics (see e.g.

the development in the classical work of Truesdell and Toupin (1960) or in the modern textbook of �Silhav�y
(1997)), the kinematical quantities, i.e. the micro- and macromotion have to be defined. This results in the

question what the motion function for the special material with inherent microstructure is like. For some

materials, again we mention open-cell foams or granular materials, this question can be answered in a

satisfactory way, and in these special cases the micromotion is restricted to an orthogonal tensor (micro-

polar or Cosserat continuum) or an affine transformation (micromorphic continuum), e.g. Capriz (1980),
Eringen (1999) and Diebels and Steeb (2002).

It was the effort of Capriz (1980), who has given a more general framework for the formulation of

continua with arbitrary microstructure postulating an extended balance equation for the total energy. Thus,

applying the concept of objectivity (frame indifference) vector valued higher order balance equations are

obtainable naturally. In our investigation we restrict ourselves to scalar-valued order parameters which is

comparable to the work of Svendsen (1999). In this special (invariant) case the higher order balance

equation of the microstructure is obtained by the classical evaluation process of the second law of ther-

modynamics applying the concept of Coleman and Noll (1963). In contrast to Svendsen (1999) no a priori
assumption is made concerning the structure of the additional balance. It is remarkable that the resulting

equation is comparable to the balance of equilibrated forces postulated by Goodman and Cowin (1972) and

applied e.g. by Passman et al. (1984).

Compared to kinematically extended continuum models the formulation of the later models is more

abstract with respect to the behavior of the microstructure, i.e. the micromotion is neither postulated nor

restricted a priori. As the micromotion is only represented in a phenomenological (or homogenized) manner,

this present kind of description can be interpreted as a kinematical model on an intermediate scale. In our

context the micromotion, i.e. the kinematics of the polymer chains are rather complicated to describe and
unknown in detail. From polymer literature it is just known, that the entanglement density of the polymer

chains decreases near the surfaces (see e.g. Lee andWool, 2001). But on the other hand it is well-known from

experiments that the overall isothermal behavior of the polymeric bulk material differs from the behavior on

the interphases (see e.g. Bockenheimer, 2003). It is also known, that the glass temperature in the interphase is

not identical to the glass temperature of the bulk material. All these effects motivate us to introduce a scalar

valued order parameter describing the influence of the boundaries on the microstructural behavior, i.e. the

influence of the boundaries on the dynamics of the polymer chains is taken into account in a homogenized

sense. Thus, the flux of the microstrucural field, which is a scalar valued force conjugated to the order
parameter, can––as well as the scalar-valued order parameter itself––be described at the boundary.

The paper is organized as follows: After formulating the (standard) kinematical behavior, we present the

governing classical balance equations and the extended balance of energy. Following the concept of

Coleman and Noll (1963) we obtain restrictions for our constitutive equations and as an additional result

we obtain the local form of the balance equation concerning the behavior of the microstructure. Next, we

make further constitutive assumptions, which reduce our model to isothermal processes without phase

transformations. In the forthcoming second part of this work, we consider the fully coupled problem.
1 We do not claim to give a bibliographical overview of the historical development of extended continua. We refer the interested

reader to the work of Truesdell (1966) and Capriz (1980, Appendix) where some remarks to the history are given and further references

can be found.
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In the last chapter we investigate a coupled two-field Galerkin-type finite element formulation for the

governing (initial) boundary value problem for the displacement field uðx; tÞ and the additional field jðx; tÞ
describing the microstructure. As a result of our investigations, we are able to describe boundary conditions

for our additional field equation. Thus it is possible to investigate Dirichlet- and Neumann-type boundary
conditions for the behavior on the microscale. Depending on the boundary conditions, we obtain either a

stiff or a weak boundary layer with respect to the bulk material. As a consequence we compare effective

moduli of our models with classical continua and explain the size effect under shear and tension.
2. Kinematical relations

The position vector of the center of mass of a microstructural element is given by X in the reference

configuration and by x in the current configuration. If the microstructure does not change with respect to

its center of mass, see Fig. 1, we are able to split the motion function into a macro- and micromotion. In the

following, the effects according to the micromotion are described only by the abstract order parameter j,
where the macroscopic function of motion of the material point P is given as
x ¼ vðX; tÞ; X ¼ v�1ðx; tÞ: ð1Þ
The deformation gradient FðX; tÞ is given as
FðX; tÞ ¼ GradvðX; tÞ; detF > 0; ð2Þ
where Grad ð�Þ :¼ oð�Þ=oX is the material gradient operator with respect to the initial or reference position
X. According to the usual definitions, the strain tensors are defined in terms of F, e.g. the Green–

Lagrangean strain tensor E is given by
E :¼ 1

2
ðFT � F� IÞ: ð3Þ
Within a standard Lagrangean setting the material time derivatives are defined as usual as
_x ¼ v ¼ ovðX; tÞ
ot

and €x ¼ _v ¼ a ¼ o2 vðX; tÞ
ot

: ð4Þ
The introduction of the order parameter j to describe the present microstructure is closely related to the

description of materials with spherical voids, where the micromotion is related to a dilatation of the material

points. In the context of materials with voids this is equivalent to a macrostructural description applying the

concept of volume fractions. An equivalent kind of physical interpretation of the microstructural behavior
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Fig. 1. Macroscopic motion function.
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and further descriptions within continuum-based models is traced back to Goodman and Cowin (1972) and

can also be found in the work of Lakes (1995).
3. General micro- and macroscopic balance equations

The extended balance of energy for the present type of continua with microstructure is given in the

classical form
2 C

contex
3 H

point o

to e.g.
d

dt
ðE þ KÞ ¼ W þ Q; ð5Þ
where E is the internal and K the kinetic energy, respectively. The mechanical power is associated with W
while Q is the power of thermal sources and fluxes. In the context of continua with microstructures the
kinetic energy and the mechanical power depend on an additional microstructural part, thus

K ¼ Kmacro þ Kmicro and W ¼ W macro þ W micro. We remark, that the assumed additive decomposition of the

kinetic energy and the mechanical work is a more or less mathematical concept and related to very simple

kinematical behavior of the microstructure or a phenomenological description of its behavior, see Fig. 1. If

a more complex microstructural behavior is a priori known in more detail, a micro–macro coupling term

has to be taken into account additionally (see e.g. Mindlin, 1964, Section 2).

Indeed the internal energy is given by
E ¼
Z
B
qedv: ð6Þ
For the kinetic energy we assume 2
K ¼ Kmacro þ Kmicro :¼
Z
B

1

2
q _x � _x

�
þ 1

2
kq _j _j

�
dv: ð7Þ
The (standard) first term is associated with the kinetic energy of the macroscopic motion, where the second

term is the independent microscopic kinetic energy. 3 The thermal energy is given in the standard way as
Q ¼
Z
B
qrdvþ

Z
oB
qda ¼

Z
B
qrdv�

Z
oB
q � nda; ð8Þ
where r is the heat supply and q the heat flux. The outward normal is given by n. The mechanical power is

represented by its macro- and microscopic parts
W ¼ W macro þ W micro :¼
Z
B

qb � _x
�

þ qg _j
�
dvþ

Z
oB

t � _x
�

þ s _j
�
da: ð9Þ
Of course, we have applied a Cauchy theorem in the form T � n ¼ t for the classical second order

macroscopic Cauchy stress tensor T and also for the first-order microscopic stresses S � n ¼ s. For the heat
flux we have applied Stokes’ heat flux theorem �q � n ¼ q. Furthermore, b are the macroscopic vector-

valued and g the microscopic scalar-valued body forces.
onceptionally, vector- and tensor-valued quantities (. . .) which are describing the (affine) microstructure can be added in this

t. Here, we neglect them for reasons of simplicity.

ere we follow the proposal of Capriz and Podio-Guidugli (1983), where kq is associated with the microinertia. From a physical

f view the microscopic kinetic energy could be the independent energy of the motion in a RVE under consideration with respect

molecular forces.
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Assuming sufficient regularity of the field variables, the local form of the balance of energy is given by
qe

�
þ 1

2
q _x � _xþ 1

2
qk _j _j

�:

þ qe

�
þ 1

2
q _x � _xþ 1

2
qk _j _j

�
div _x

¼ div ðTT � _xÞ þ div ðS _jÞ � div qþ qb � _xþ qg _jþ qr: ð10Þ
Applying invariance requirements to the balance of energy the local balance equations (mass balance

and balance of momentum) are obtained as a result. In our context, we obtain from invariance analyses just

the balance equations of a classical continuum theory which are now locally given in the spatial setting:

• Balance of mass
_qþ qdiv _x ¼ 0: ð11Þ

• Balance of momentum
q€x ¼ divTþ qb: ð12Þ

• Balance of moment of momentum (Boltzmann-assumption)
TT ¼ T: ð13Þ
In addition, higher order balance equations are obtainable for affine microstructures, i.e. for vectorial or

tensorial extensions of the microscopic kinetic energy Kmicro and the microscopic external power W micro, see

(7) and (9), e.g. (Capriz et al., 1982).
3.1. Thermodynamical considerations

After evaluating the invariance requirements (change of observer), the set of governing equations has to

be enriched by constitutive equations which have to fulfill the second law of thermodynamics. Thus, the

balance of entropy is now written in the local form
ðqgÞ� þ qgdiv _x ¼ divug þ qsg þ ĝ: ð14Þ
In contrast to Eqs. (11)–(13) the balance of entropy restricts the direction of the thermodynamical
process, i.e. it requires the entropy production during the process to be always positive ĝP 0. In our

contribution––differing from the work of Svendsen (1999)––we evaluate the balance of entropy following

the concept of Coleman and Noll (1963). In contrast to the more general evaluation concept of M€uller
(1985) and Liu (1972), where the lower order balance equations are added to the balance of entropy via

Lagrangean multipliers, we have to make several constitutive assumptions a priori. The consequences of the

Coleman-Noll procedure are on the one hand constitutive equations with sharper restrictions compared to

the more general results of the M€uller–Liu approach. On the other hand, we do not have to know the

structure of further ‘‘balance equations’’ before evaluating the entropy balance. This means that in the
present contribution additional balance equations are automatically dropped out of the evaluation process.

We constitutively assume for the entropy flux ug and the entropy supply sg
ug ¼
q

H
and sg ¼

r
H

ð15Þ
and also for the Helmholtz free energy W
W ¼ e� gH: ð16Þ
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Using the lower order mass balance equation (11) and the balance of momentum equation (12) the balance

of energy can be reduced to the balance of internal energy 4
4 In

micros

the res
q_eþ 1

2
q _k _j _jþ qk _j€j ¼ T : grad _xþ div ðS _jÞ � div qþ qg _jþ qr; ð17Þ
which now contains macroscopic as well as microscopic contributions. Inserting the assumptions, Eqs. (15)

and (16), the balance of entropy can be reformulated
q_e� qg _H� q _W� div qþHq � grad 1

H
� qrP 0: ð18Þ
The Clausius–Duhem inequality is obtained, if q_e is finally eliminated with the aid of Eq. (17) yielding
1

2
q _k _j _j� qk _j€jþ T : grad _xþ div ðS _jÞ þ qg _j� q _W� qg _HþHq � grad 1

H
P 0: ð19Þ
The thermodynamical process variables for simple and reversible solid materials are constitutively
chosen as
S ¼ SðH; gradH;E; j; gradjÞ ð20Þ

thus, according to the concept of equipresence (Truesdell and Toupin, 1960, Section 293), the following

dependencies are assumed:
W ¼ WðH; gradH;E; j; gradjÞ;
T ¼ TðH; gradH;E; j; gradjÞ;
S ¼ SðH; gradH;E; j; gradjÞ;
k ¼ kðH; gradH;E; j; gradjÞ;
q ¼ qðH; gradH;E; j; gradjÞ:

ð21Þ
Additionally, the set of response functions R which has to be determined is given by
R ¼ RðW;T;S; k; qÞ: ð22Þ

Therefore, the material time derivative of an arbitrary response function _ð�Þ is computed as
_ð�Þ ¼ oð�Þ
oH

_Hþ oð�Þ
ogradH

� grad _Hþ oð�Þ
oE

: _Eþ oð�Þ
oj

_jþ oð�Þ
ogradj

� grad _j: ð23Þ
Applying the standard arguments of evaluation of the entropy balance leads to the following scalar-,

vector- and tensor-valued consequences
_H : 0 ¼ gþ oW
oH

þ 1

2
_j _j

ok
oH

; ð24Þ

grad _H : 0 ¼ oW
ogradH

þ 1

2
_j _j

ok
ogradH

; ð25Þ

_E : 0 ¼ T� q
oW
oE

� 1

2
q _j _j

ok
oE

; ð26Þ
this concept, we enhance the classical set of balance equations by an extended balance of energy with respect to the governing

tructure. Thus the coupling of the macroscopical and microscopical behavior is observed in the balance of internal energy and

ulting equations of the thermodynamical evaluation process only.
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grad _j 0 ¼ S� q
oW

ogradj
� 1

2
q _j _j

ok
ogradj

; ð27Þ

_j : 0 ¼ 1

2
q _j _j

ok
oj

þ qk€j� qg þ q
oW
oj

� divS; ð28Þ
and the dissipation inequality (which leads to the well known Fourier’s law)
q � grad 1

H
P 0: ð29Þ
It should be remarked that on the one hand expressions which are comparable to Eq. (28) can be found

e.g. in the work of (Goodman and Cowin, 1972), where the additional balance equation is named balance of

equilibrated forces and describes the behavior of the microstructure of a granular material, i.e. the void

space between the grains. On the other hand, equations of type (28) are applied in the context of porous
materials (see e.g. Passman et al., 1984), where the scalar-valued microforce s is conjugated to the volume

fractions, i.e. the order parameter is identified as the volume fractions j :¼ na ¼ dV a=dV of a single con-

stituent ua.
4. A small-strain isothermal model with scalar order parameter

In the present section we precise our constitutive assumptions for an abstract model material, which
shows the mentioned ‘‘weaker’’ boundary layer effect. For the case of simplicity, we restrict ourselves in this

first part of our work on the quasi-static, isothermal process, which is equivalent to a nonevolving inter-

phase. In addition, it has to be remarked that the restriction to quadratic terms in the present free energy

confines the model to small deformations. In a forthcoming paper, the theory and numerics are extended to

the thermo-mechanically coupled problem at finite deformations. Thus, the evolution of the interphase can

also be captured. Furthermore, the microinertia k is thought to be constant during the process, i.e.

k ¼ const: and ok=oa ¼ 0; 8a 2 S. Thus, the Helmholtz free energyW ¼ WðE; j; gradjÞ is assumed to have

the following format:
qW ¼ lE : Eþ 1

2
kðE : IÞ2 þ 1

2
aðj� j0Þ2 þ

1

2
bðgradjÞ2 þ l expðcðj½ � j0Þ � 1Þ�E : E

þ 1

2
k expð/ðj½ � j0Þ � 1Þ�ðE : IÞ2: ð30Þ
The macroscopic Cauchy stresses T, see Eq. (26), are defined as
T ¼ q
oW
oE

¼ 2l½expðcðj� j0ÞÞ�Eþ k½expð/ðj� j0ÞÞ�ðE : IÞI: ð31Þ
Furthermore the microscopic (scalar) forces p are calculated from Eq. (28) 5
p :¼ q
oW
oj

¼ aðj� j0Þ þ lc expðcðj½ � j0ÞÞ�E : Eþ 1

2
k/½expð/ðj� j0ÞÞ�ðE : IÞ2 ð32Þ
e scalar microscopic force p can also be interpreted as a configurational pressure because of its volumetrical characteristic.

lly speaking, a configurational pressure is the driving force according to the change in volume fractions of the various phases of

crostructure and can also be found in works on phase transition, e.g. in granular mixtures (see Kirchner and Hutter, 2003).
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and the microscopic stresses S, see Eq. (27), are obtained as
S ¼ q
oW

ogradj
¼ bgradj: ð33Þ
Recapitulating all this, the overall micro- and macroscopic material parameters M are given for the

present model as the set
M ¼ fl; k; a; b; c;/; j0g ð34Þ
where the first two entries l; k are the classical Lam�e parameters according to the macroscopical behavior.

The latter parameters a; b; c;/;j0 describe the microscopical behavior and the interaction between the

micro- and macroscale, respectively.

Special attention is directed to Eq. (32), which includes the definition of the microscopic force p. In
contrast to the decoupled microscopic stress S, the microscopic force p is coupled to the macroscopic part.

On the other hand, the macroscopic stresses T are related to the microstructure.
Completing the set of governing equations, it is shown that the set of balance equations are explicitely

decoupled a priori, related to the assumption of decoupled kinetic energy. All the micro- and macroscopic

coupling effects are later on obtained from thermodynamical requirements with respect to certain consti-

tutive assumptions.
5. Finite element implementation and numerical examples

5.1. Finite element discretization

After formulating the governing set of balance and constitutive equations we are able to solve the quasi-

static set of coupled equations applying a mixed Bubnov–Galerkin finite element formulation. The set of

governing equations is given in a weak form by the balance of momentum, Eq. (12), and the weak form of

the microscopic momentum balance, Eq. (28),
Z
B
T : grad dudv ¼

Z
oB
t � dudaþ

Z
B
qb � dudv; ð35Þ
Z
B
S � grad djdv ¼

Z
oB
sdjdaþ

Z
B
ðqg þ pÞdjdv; ð36Þ
with the test functions du 2 Vu; and Vu :¼ fdu 2 H1ðX ! BÞ; dujuCD
¼ 0g and the scalar-valued test

function dj 2 Vj with Vj :¼ fdj 2 H1ðX ! BÞ; djjjCD
¼ 0g. In addition, X is the domain of the body B.

The boundary oX of the domain is split into a Dirichlet part Cb
D � oX and a Neumann part Cb

N � oX, with
Cb

D [ Cb
N ¼ oX; 8b 2 fu; jg. The displacements u and the order parameter j are discretized by standard

ansatz functions uh 2 Uu
h � Uu and jh 2 Uj

h � Uj. In the present numerical examples we use three node

triangular Q1P1, six node Q2P2 as well as six node Q2P1 elements, i.e. quadratical ansatz functions for the

displacements and linear ansatz functions for the order parameter, equivalent to a Taylor–Hood formu-

lation which is known to fulfill the Ladyzhenskaya–Babu�ska–Brezzi (LBB) condition (see e.g. Brenner and

Scott, 1994). As can be seen in Fig. 2, the Q1P1 and Q2P2 elements are more efficient than the Taylor–

Hood element, which is indeed quite different from various other numerical discretization schemes for

higher order continua, c.f. finite element formulations for Cosserat-continua. From our experiences, this
effect could be explained by the lower coupling effect of the present model, which is only given in the

constitutive equations and not in the kinematical quantities.
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Subsequently, the set of governing nonlinear partial differential equations is linearized and solved within

a standard global Newton–Raphson iteration scheme. The governing set of equations is implemented in the
finite element toolbox PANDAS (see Ehlers and Ellsiepen, 1998).

Numerical difficulties resulting from the steep gradients of the primary variables in the boundary layer

zone are circumvented by simple mesh refinement techniques. Thus a heuristic error indicator is formulated

for the coupled problem which traces back to the well-known gradient-based Z2 error indicator for one-

phase materials (c.f. Zienkiewicz and Zhu, 1987). Our investigation is related to an extension of this error

indicator for multi-phase materials which was formulated by Ellsiepen (1999). Thus, the element-wise error

indicator gaT for all finite elements T 2 T is defined as:
gTT :¼ kT
�
� ThkT; ð37Þ

gST :¼ kS
�
� ShkT; ð38Þ
where k�kT is the element-depending L2-norm of the macro- and microstresses, respectively. The finite

element solution is denoted with the index h. The smoothed stress fields T
�
;S

�
are calculated in a post-

processing step with the Superconvergent Patch Recovery (SPR) method, c.f. (Zienkiewicz and Zhu, 1992).

Subsequently, a relative error measure na;T is formulated in the standard way
na;T :¼ gaT
TOLa

; with a 2 fT;Sg; ð39Þ
which leads to overall local and global error measures nT ðTh;ShÞ and nðTh;ShÞ
nT :¼
X
a

Can
2
a;T

 !1=2

; where CT þ CS ¼ 1 and n :¼
X
T2T

n2T

 !1=2

ð40Þ
with the weighting factors Ca.

5.2. Example 1: Shear test

In the first numerical example we investigate a shear experiment as shown in Fig. 3. This kind of

experiment can also be analyzed in the laboratory, where the displacement boundary conditions u1 ¼ gðtÞ�u1
are related to a (stiff) load plate which is bonded at the top and bottom of the specimen. Thus, simple shear
effects are only expected in the mid of the specimen, where all the edge effects, resulting from the boundary

effects of the free boundary but also from the Dirichlet boundary conditions of the order parameter, are



Fig. 3. Shear test––infinite long strip under shear deformation.

Fig. 4. Shear test––response of macroscopic quantities.
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vanishing. Therefore, only results in a small strip in the mid of the specimen are shown in the present

numerical experiments. The set of material parameters M for the considered artificial material is assumed

as follows:

The numerical investigation is analyzed within an adaptive finite element procedure, applying Q2P2
elements. Therefore, the initial mesh of the problem is shown in Fig. 4. According to the specified shear

example in Fig. 3, we prescribe Dirichlet boundary conditions at the top and bottom for the displacements

u and the order parameter j, respectively. The prescribed boundary conditions j ¼ �j of the order

parameter are motivated by advanced characterization methods giving insight into the material behavior of

the polymer at a free boundary or at the interphase to e.g. aluminum alloys (see Bockenheimer, 2003).

On the other hand, the behavior of the bulk material is prescribed with the equilibrium parameter j0.
6

In our examples �j is chosen in such a way that it models weak boundary layer effects; the width of the

boundary layer is small, according to the material parameter a, compared to the height h of the specimen.
The numerical results show the expected behavior for a small shear angle c ¼ u1=h ¼ 0:01. On the one hand,

l [MPa] k [MPa] a [MPa] b [MPa] c [ ] / [ ] j0 [ ]

10 000.0 5 000.0 2.0 1 000.0 1.0 1.0 1.0
6 We assume here, that the microstructural configuration at thermodynamical equilibrium is known at the boundaries. This means,

that the characteristic glass temperature, the entanglement density, the chemical decomposition or various other quantities of the

polymer are well-known at the interphase to other materials as well as the behavior of the polymer bulk.



H. Steeb, S. Diebels / International Journal of Solids and Structures 41 (2004) 5071–5085 5081
the shear strains E12 near the boundary (zone B) are large compared to those of the bulk, see Fig. 4, due to

the coupling effects of the micro- and macroscopic quantities in the constitutive equations. On the other

hand, the macroscopic equilibrium is well captured, as is shown in the homogeneous distribution of the

shear stresses T12, see Fig. 4. The behavior of the displacements and the microstructure of the polymer are
shown in Fig. 5. Again, it can be observed that the boundary layer effect is captured by the order parameter

j due to the prescribed boundary conditions. With respect to the set of material parameters, j vanishes at

the boundary and converges to the equilibrium parameter j0 in the bulk. According to the gradient of the

order parameter, the microstress S2 is developed inside the domain.

Next, we are interested in the size effect of the material. Thus, we vary the height h of the specimen,

keeping the set of material parameters constant. As a consequence, the boundary layer gets thinner and

thinner with respect to the specimen size by increasing the height h. The overall effect from an quantitative

point of view can be captured by the effective shear modulus Geff . This secant modulus is calculated by
applying the same shear angle c ¼ u1=h to different specimen heights h. Thereafter, the effective modulus is

calculated as the secant Geff ¼ T12=c. As it can be seen in Fig. 6, the effective shear modulus converges to a

minimum quantity. In this case the microstructure dominates the global behavior. Otherwise it converges to

a maximum quantity with dominating bulk material behavior. It has to be remarked, that the overall

problem is energy driven, which results in maximum moduli which are not directly comparable to the

classical moduli of elasticity because of the portion of the microscopic free energy.

The consequence of the adaptive mesh-refinement, c.f. Fig. 7, are well-analyzed gradients in the

boundary layer and thus more effective overall finite element calculations. An example of the calculation of
the order parameter within an adaptive finite element procedure is presented in Fig. 8. In the analyzed

example the material parameter a, c.f. Eq. (30) and (32), was chosen to be rather small which results in a
Fig. 6. Effective shear modulus Geff .

Fig. 5. Shear test––response of microscopic quantities and displacement.



Fig. 7. Adaptive refined meshes for the shear test.

Fig. 8. Adaptive solution of order parameter j in a shear test (cross-section B� BI).

5082 H. Steeb, S. Diebels / International Journal of Solids and Structures 41 (2004) 5071–5085
narrow boundary layer. Thus, difficulties in the numerical calculations occur, resulting in oscillations near

the observed boundary layer. As it can be observed in Fig. 8, the quality of the numerical calculation can be

well improved by adaptive remeshing techniques, where only the domain of the boundary is refined.
5.3. Example 2: tension test

In the second example we investigate a tension test. Again we apply Dirichlet boundary conditions for
the displacements (u2 ¼ �u2 and j ¼ �j) at the top and bottom of the specimen according to Fig. 3. As can be

see in Fig. 9 and Fig. 10 the qualitative behavior of the macroscopic components, e.g. E22;T22; u2; j and S2,

of the specimen is comparable to the first (shear) experiment. As seen before, a weak boundary layer effect is

observed according to the applied set of material parameters. Again, we are interesting in the size effect of

the material under tension. Thus, we calculate an effective secant Young’s modulus comparable to the

(shear) modulus of the first example. We therefore calculate again various problems with different height h
keeping the set of material data constant. The applied strain E22 is constant in all experiments, i.e.

E22 ¼ �u2=h ¼ 0:01. As can be seen in Fig. 11 the effective Young’s modulus converges again to a limit
quantity representing the bulk behavior at infinite height h and another limit quantity representing just the

microstructure for h ! 0.

Remark. According to the chosen boundary data of the order parameter j ¼ �j and equilibrium data j0

we are also able to describe a stiff boundary layer effect. As a stiff boundary layer effect is quite natural in



Fig. 9. Tension test––response of macroscopic quantities.

Fig. 10. Tension test––response of microscopic quantities and displacement.

Fig. 11. Effective young’s modulus Eeff .
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higher order continua with enhanced kinematics, 7 we have not investigated such experiments in further

details in this work.
7 We want to mention the size effect in cellular materials, e.g. foams, which are modeled by Cosserat continua (see Onck et al., 2001

or Diebels and Steeb, 2002). Thus the total rotations of the model are restricted at the top and bottom in the shear experiment.

Therefore, couple stresses occur in a boundary layer near the top and bottom of the specimen. The effective shear modulus of the foam

is larger compared with classical continua. Of course, in the tension experiment, no size effect is noticed applying a Cosserat model.
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6. Conclusions and discussion

In the present work we have developed an extended continuum model to describe the behavior of thin

polymeric films with respect to experimentally observed boundary layer effects. It was shown that the
known weak boundary effect can be captured very well within representative numerical examples for an

artificial model material. Furthermore the resulting size effect of the material is captured under shear and

tension.

The present extended continuum-based model captures the development of this weaker zone within a

thermo-mechanical coupled model. In this first approach the isothermal case is considered constitutively

and numerically. Thus, the microstructure is prescribed by the enhanced microscopic boundary condition,

the equilibrium part of the order parameter and the full set of microstructural material parameters. In the

full thermo-mechanical coupled model evolving microstructures can also be described. More sophisticated
constitutive equations and numerical experiments will verify this in a forthcoming paper. As experimental

data of this kind of problems within thin polymeric films with respect to the analyzed size effect are very

rare, we also want to investigate experiments for these problems in the future. Thus, the set M of material

parameters can also be identified numerically, e.g. by use of numerical parameter identification methods.
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